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Abstract 

For every linear binary code C, we construct a geometric triangular configuration A 
so that the weight enumerator of C is obtained by a simple formula from the weight 
enumerator of the cycle space of A. The triangular configuration A thus provides a 
geometric representation of C which carries its weight enumerator. This is the initial 
step in the suggestion by M. Loebl, to extend the theory of Pfaffian orientations 
from graphs to general linear binary codes. Then we carry out also the second step 
by constructing, for every triangular configuration A, a triangular configuration A' 
and a bijection between the cycle space of A and the set of the perfect matchings of 
A'. 



1 Introduction 



A seminal result of Galluccio and Loebl [T] asserts that the weight enumerator 
of the cut space C of a graph G may be written as a linear combination of 
4p{G) pfafiians, where g{G) is the minimal genus of a surface in which G can 
be embedded. Recently, a topological interpretation of this result was given 
by Cimasoni and Reshetikhin [2j. 

Viewing the cut space C as a binary linear code, G may be considered as a 
useful geometric representation of C which provides an important structure 
for the weight enumerator of C. 

This motivated Martin Loebl to ask, about 10 years ago, the following ques- 
tion: Which binary codes are cycle spaces of simplicial complexes? In general. 
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for the binary codes with a geometric representation, one may hope to obtain 
a formula analogous to that of Galluccio and Loebl [1]. 

This question remains open but in this paper we circumvent it by asking for 
geometric representations which carry over the weight enumerator only. We 
note that this weakening is still sufficient for the extension of the theory of 
Pfaffian orientations. 

We present a construction which shows that a useful geometric representation 
exists for all binary codes. The main result is as follows: 

Theorem 1 For each binary linear code C of length n, one can construct a 
triangular configuration A and positive integer e linear in n, so that if the 
weight enumerator of the cycle space of A equals 

m 
1=0 

then the weight enumerator of C satisfies 

•m 
1=0 

The second main result of the paper is to construct, for every triangular con- 
figuration A, a triangular configuration A' and a bijection between the cycle 
space of A and the set of the perfect matchings of A'. This carries over the sec- 
ond step in the Loebl's suggestion to extend the theory of Pfaffian orientations 
to the general binary linear codes. 



2 Preliminaries 

We will start with definitions of the basic concepts. Let n be a positive integer. 
A binary linear code C of length n is a subspace of (jF(2)", and each vector 
in C is called a codeword. 

The weight of codeword c is the number of nonzero coordinates, denoted by 
w{c). 

A binary linear code C is even if all codewords have even weight. 

We define a partial order on C as follows: let c = (c^, . . . , c"), d = (c?^, . . . , c?") 
be codewords of C. Then c ^ (i if c* = 1 implies = 1 for alH = 1, . . . ,n. 
Codeword d is minimal if c ^ d implies c = ci for all. 



2 



The weight enumerator of the code C is defined according to the formula 

Wc{x) := Y.^"^^"^- 

An abstract simplicial complex on a finite set ^ is a hereditary family A of 
subsets of V. 

Let X be an element of A. The dimension of X is |X| — 1, denoted by dimX. 
The dimension of A is max{dimX|X e A}, denoted by dim A. 

A simplex in is the convex hull of an affine independent set V in W^. The 
dimension of the simplex is | V| — 1. The convex hull of any nonempty subset 
of V that define a simplex is called a face of the simplex. A simplicial complex 
A is a set of simplices fulfilling the following conditions: 

• Every face of a simplex from A belongs to A. 

• The intersection of every two simplices of A is a face of both. 

We denote the subset of d-dimensional simplices of A by A''. 

Every simplicial complex defines an abstract simplicial complex on the set of 
vertices V, namely the family of sets of vertices of simplexes of A. We will 
denote this abstract simplicial complex by .4(A). 

The geometric realization of an abstract simplicial complex A is a simpli- 
cial complex A' such that A = .4(A'). It is well known that every finite d- 
dimensional abstract simplicial complex can be realized as a simplicial complex 
in R^'^+^. We will denote this geometric realization of an abstract simplicial 
complex A by ^(A). 

This paper studies 2-dimensional simplicial complexes where each maximal 
simplex is a triangle. We will call them triangular configurations. 

The number of triangles in an (abstract) simplicial complex A will be denoted 
by |A|. 

A subconfiguration of a triangular configuration A is a triangular configuration 
A' such that A' C A. 

A cycle of a triangular configuration is a subconfiguration such that every edge 
is incident with an even number of triangles. A circuit is a minimal non-empty 
cycle under inclusion. 

Let Ai, A2 be subconfigurations of a triangular configuration A. The difference 
of Ai and A2, denoted by Ai — A2, is defined to be the triangular configuration 
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obtained from U U \ A| by removing the edges and vertices that are 
not contained in any triangle in Af \ Ag. 

The symmetric difference of Ai and A2, denoted by Ai A A2, is defined to be 
Ai A A2 := (Ai U A2) - (Ai n A2). 

Let Ai, A2 be triangular configurations. The union of Ai, A2 is defined to be 
A1UA2 ■.= G{A{Ar)uA{/\i)). 

Let A be a li-dimensional simplicial complex. We define the incidence matrix 
A = (Aij) as follows: the rows are indexed by {d — l)-dimensional simplices 
and the columns by rf-dimensional simplices. We set 



The cycle space C of A is the kernel ker A of the incidence matrix of A over 
GF{2), and C = ker A is said to be represented by A. 

ForasubconfigurationCof A, we let = . . . , G {0,1}'"^' 

denote its incidence vector, where x(C)* := 1 if C contains triangle t, and 
x{Cy '■= otherwise. 

It is well known that the kernel of A is the set of incidence vectors of cycles 
of A. 

Let C C {0,1}'^ be a binary linear code. Let be a subset of {!,..., n}. 
Puncturing code C along S means deleting the entries indexed by the elements 
of S from each codeword of C. The resulting code is denoted by C/S. 



3 Triangular representation of binary codes 

First, we define three useful triangular configurations. 



3.1 Triangular configuration B"^ 

The triangular configuration -B" consists of n disjoint triangles as is depicted 
in Figure [H We denote the triangles of 5" by 5", . . . , 5^. 




1 if (d — l)-simplex i belongs to d-simplex j, 
otherwise. 
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A A ■■■ A A 

Fig. 1. Triangular configuration B^. 
3.2 Triangular sphere 

The triangular sphere , depicted in Figure [21 is a triangulation of a 2- 
dimensional sphere by m triangles. This triangulation exists for every even 
m > 4. We denote the triangles of by iS{", . . . , 5™ 




Fig. 2. Triangular sphere S' 



3. 3 Triangular tunnel T 

The triangular tunnel T is depicted in Figure [3l 




Fig. 3. Triangular tunnel T. 



In particular, triangles {1,2,3} and {a, 6, c} are not elements of T. 
3.4 Joining triangles by tunnels 

Let A be a triangular configuration. Let ti and ^2 ^ A be two disjoint triangles 
of A. The join of ti and ^2 in A is the triangular configuration A' defined as 
follows. Let T be a triangular tunnel as in Figure [3l Let t\,tl,tl and ^2,^25^2 
be edges of ti and ^2, respectively. We relabel edges of T such that {a,b,c} = 
{t\,tl tf} and {1, 2, 3} = {4, t^}. Then A' is defined to be A U T. 
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3.5 Construction 



Let C be a binary code of length n and dimension d. Let 5 = {61, ... , hd] be 
a basis of C. We construct its triangular representation as follows. 




Fig. 4. A^^ represents a basis vector (1,0,..., 1, 0) of C. 
For every basis vector hi we construct a triangular configuration A^. 




Fig. 5. An example of triangular representation of C. 

Triangular configuration A^. is obtained from 5" U 5*", where m is even and 
m > n, m > 4. Let J* be the set of indices of nonzero entries of fej. For each 
j e J* we join triangle S^' of S"^ with triangle 5". Then, we remove triangle 
<S™ from . Finally, we remove triangles of that are not joined with the 
sphere. The example of A^. for 6j = (1, 0, . . . , 1, 0) is depicted in Figure [H 

Thus triangular configuration A^. contains 5^ if and only if j G J*. We note 
that 

Proposition 2 |A^. | —w{hi) is always even. 

Triangular configurations A^. , i = 1, . . . ,d, share the triangles of 5" and do 
not share spheres S"^. Hence, ^(A^.) fl ^(A^^) C A{Bn) holds for i < j, 
i,j G {!,..., d}. 
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Finally, triangular representation of C is the union of A^^, i = 1, . . . ,d. 

An example of triangular representation A^ of C is depicted in Figure [5l 

Triangular representation A^ of C is balanced if there is an integer e such that 
A^. — w{bi) = e for alH = 1, . . . , (i. This e is denoted by e(Ag). 

Let c be a codeword of C. Let c = X! ig/ ^« unique expression of c, 

where hi & B. The degree of c with respect to basis -B is defined to be the 
cardinality \I\ of the index set. The degree is denoted by d{c). 

We denote by ker A^ the cycle space of the triangular configuration A^ We 
define linear mapping f : C ^ ker A^ in the following way: let c be a codeword 
of C; let c = ^ hi be the unique expression of c, where hi G B. We define 
/(c) := x(Ajg/A^J. Hence, the entries of /(c) are indexed by the triangles of 
A^. We have /(c)^^ = 1 if and only if Ajg/A^. contains triangle -B". 

Proposition 3 Denote Ai^zjA^, by m. Let c= (c^, . . . , c") and 

/(c) = (/(c)^", . . . , /(c)^", /(c)"+\ . . . , ficr) . 

Then, f{c)^^ = for all j = 1, . . . ,n and all c E C. 



PROOF. We show the proposition by induction on the degree d{c) of c. 



^2 

Codeword c is equal to ^ . hi. 



If d{c) = 0, then c = and /(c) = is the incidence vector of the empty 
triangular configuration. So, the proposition holds for vectors of degree 0. 

If d{c) is greater than 0, then |/| > 1. We choose some k from I. Codeword 
c+^ hk has degree less than c. By induction assumption, the proposition holds 
fore +2 6,. Let hf, = {hi, . . . ,hl). 



From the definition of A^^, h^. = x(A^^)^j for all j = 1, . . . 



n. 



Therefore, 



for all j = 1, . . . , n. □ 

Corollary 4 Mapping f is injective. 

Lemma 5 Every non-empty cycle of contains A^. — as a subconfigu- 
ration for some i E {1, . . . ,d}. 
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PROOF. Every cycle of contains either all triangles or no triangle of 
A^^ - 5", since A^^ n A^^ C 5" for all distinct i,j d}. 

does not contain non-empty cycles, since the triangles of 5" are disjoint. 
Therefore, every non-empty cycle contains a triangle of A^. — 5" for some 
i G {1, . . . ,d}. Hence, every non-empty cycle contains A'^^ — B^. □ 

Theorem 6 Let C be a binary code. Let A^ be its triangular representation 
with respect to a basis B. Mapping f defined above is a bijection of the bi- 
nary linear codes C and ker A^ which maps minimal codewords to minimal 
codewords. 



PROOF. By Corollary m / is injective. 

It remains to be proven that dimC = dimker A^. 

Suppose on the contrary that some codeword of ker A^ is not in the span of 
{f{bi), . . . , f{bd)}. Let c be such a codeword with the minimal possible weight 
w{c). Let be a cycle of A^ such that xi^) = c. 

By Lemma El cycle K contains A^^ — -B" for some i G {l,...,d}. Since 
A^. > \kAAI\ < \K\. Therefore, w{c) > w{x{K AA^)). This 

is a contradiction. 

Finally we show that / maps minimal codewords to minimal codewords. Let 
dhe a minimal codeword. Suppose on the contrary that f{d) is not a minimal 
codeword of ker A^. Then for some codeword c, /(c) -< f{d). However, c* = 
/(c)* = 1 implies that d^ = f{dy = 1, so c -< li. This contradicts the minimality 
of □ 



Let t be a triangle of a triangular configuration A. A subdivision of triangle 
t is a triangular configuration obtained from A by exchanging triangle t is 
replaced by triangles ^1,^2,^3 in the way depicted in Figure El 




Fig. 6. Triangle subdivision 



Proposition 7 Every binary code C of length n and dimension d has a bal- 
anced triangular representation A^ such that e(A^) > n, where B is an arbi- 
trary basis for C. 
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PROOF. Let be an arbitrary triangular representation of C with respect 
to a basis B = {bi, . . . ,ba}. We denote by ki the number A^. — w{bi). Every 
ki is even by Proposition [2l Let n' be the smallest even number greater than 
n. Let k := max {n', ki\i = 1, . . . , d}. 

For each i G {1,. . . ,d} such that k^ ^ k, the following step is applied. We 
choose a triangle t from A^. — 5" and subdivide t. The number ki is increased 
by 2. If ki still does not equal to k, then we repeat this step. 

After this procedure, A^ is balanced and e(A^) > n. □ 

Proposition 8 Let C be an even binary linear code. Let A^ be its balanced 
triangular representation with respect to a basis B. Then w{f{c)) = w{c) + 
d(c)e(A^) for every codeword c E C. 



PROOF. Write c as where k E B. Then /(c) = xi^iei^i)- Now, 

Ajg/A^^ contains all triangles of A^. — i?" for all i E I. The number of these 
triangles is (i(c)e(A^), since A^, — i?" = e(A^) and |/| = d{c). 

By Proposition [3l Ajg/A^^ contains triangle B^ if and only if = 1. The 
number of these triangles is w{c). 

Therefore, w{f{c)) = w{c) + c/(c)e(A^). □ 



4 Weight enumerator 



In this section, we state the connection between the weight enumerator of 
a code and the weight enumerator of its triangular representation. This will 
provide a proof of Theorem [H 

We define the extended weight enumerator (with respect to a fixed basis) by 

W^{x) := 

cec 

d{c)=k 



If code C has dimension c?, then 

Wc{x) = j:^W'c{^). 

k=0 
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Proposition 9 Let C be a binary code and let Ag be its balanced triangular 
representation with respect to the fixed basis B. Then 



PROOF. Let / be the mapping defined in Section [3l For every codeword c of 
degree k oiC there is codeword /(c) of degree k of kerA^. By Proposition [8l 

w{f{c)) = w{c) + ke{/sPj,). 

Therefore, 

/(c)GkcrAC ceC 
d(f{c))=k '^W=*^ 

Proposition 10 Let C be a binary code of length n. Let A^ be a balanced 
triangular representation ofC. The inequality /ce(A^) < w{c) < ke{A^) +n 
holds for every codeword c of degree k of ker A^ . 



PROOF. By Proposition^ w{c) = w(/-i(c))+A;e(A^). Since < w(/~^(c)) < 
n holds for every c G ker A^, ke{A%) < w{c) < ke{A%) + n. □ 

Corollary 11 Let C be a binary code of dimension d and length n. Let A^ be 
a balanced triangular representation of C such that n < e(A^). Denote e(A^) 
by e. If aix"" is the weight enumerator o/ker A^, then 

ke+n 
i=ke 



PROOF. By Proposition [TOl w{c) < {k ~ l)e + n holds for all codewords 
c G ker A^ of degree less than k. Since n < e, w{c) < ke — e + n < ke. 

By Proposition [TOl (j + l)e < w{c) holds for all codewords c G kerA^ of 
degree greater than k. Since n < e, ke + e < ke + n < w{c) . 

Hence, enumerator W^^^^c (x) is the sum over all codewords of weight between 
ke and ke + n. □ 

Theorem 12 Let C be a binary code of dimension d and length n. Let A^ be 
a balanced triangular representation of C such that n < e(A^). Denote e(A^) 
by e. If ttix'' is the weight polynomial o/kerA^, then 

de+n 
i=0 
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PROOF. w{c) < n for every codeword c G C 

Let / be the mapping defined in Section [3l By Proposition [U w{f{c)) = 
w{c) + d{c)e for every codeword c of C. Since n < e, 

w(/(c)) mod e = (w(c) + d{c)e) mod e = w{c). 

Hence, 

de+n 

Finally, we prove Theorem [H 

PROOF of Theorem [l]. Let C be a linear binary code of length n. By 
Proposition U\ we can construct a balanced triangular representation A of C 
such that e(A) > n. 

Denote e(A) by e. Let Wa{x) = Ylt^^ ciiX"^ be the weight enumerator of A. 
Hence, 

de+n 
i=0 



5 Matching 

In this section we reduce computation of the weight enumerator of the even 
subconfigurations to computation of the weight enumerator of the perfect 
matchings. 

Let A be a triangular configuration. A matching of A is a subconfiguration M 
of A such that ti nt2 does not contain an edge for every distinct ti, ^2 £ T{M). 

Let A be a triangular configuration. Let M be a matching of A. Then the 
defect of M is the set E(T) \ E{M). We denote matching with this defect by 

Me{t)\e{m) ■ 

The perfect matching of A is a matching with empty defect. We denote the 
set of all perfect matchings of A by 'P(A). 

The weight enumerator of perfect matchings in A is defined to be Pa{x) = 
J2pgP(A)X''"^^\ where w{P) := T.tepU't- 



11 



5.1 Triangular configuration P 




Fig. 7. Triangular configuration P 
The triangular configuration P is depicted in Figure [7l 

Proposition 13 Triangular configuration P has exactly two perfect match- 
ings {ti,t3,t5,t7}, {t2,t4,te,t8}. 



5.2 Closed triangular tunnel T 




t2 and {1, 2, 3} = ti ending triangles. 

Proposition 14 Closed triangular tunnel T has two perfect matchings Mf^ = 

{tl, S4, S5, Sq}, M'^ = {^2, Si, S2, S3}. 

5.3 Triangular configuration Epq 

The matching triangular edge is triangular configuration which is obtained 
from triangular configuration P and two closed triangular tunnels T in the 
following way: Let Ti and T2 be closed triangular tunnels and let tf^ , and 
be ending triangle of Ti and T2, respectively. We identify t\^ with tf 
and with t^ . Then Epq is defined to be Ti APAT2. Triangular configuration 
Epq is depicted in Figure [9l 
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Proposition 15 Matching triangular edge has two perfect matchings denoted 
by Nl„ and N^„. 



PROOF. There are two matchings. First matching is Np := MJ^ U MJ^ U 
Second matching is := Mj^ U Mj^ u {t^, tf. ^6 > ^f}- 

Any perfect matching of Epq has to contain or {tf , tf , t^^, tl"}. This 

determines remaining triangles in a perfect matching. Hence, there are just 
two perfect matchings. □ 




Fig. 9. Matching triangular edge 
We denote the matching N^^ by M^^ and the matching A''^^ \ p, g by M^^. 

5.4 Triangular configuration Tpgr 

The matching triangular triangle is triangular configuration which is obtained 
from triangular configuration P and three closed triangular tunnels T in the 
following way: 

Let Ti, T2 and T3 be closed triangular tunnels and let t\^,p^'^, t\^,q^'^ and 
tp,r-^3 be ending triangle of Ti, T2 and T3, respectively. We identify tf^ with 
tf , with t^ and with t^ . Then Tpqr is defined to be Ti A P A T2 A T3. 
Triangular configuration Tpqr is depicted in Figure [IHl 

Proposition 16 Matching triangular triangle has two perfect matchings de- 
noted by Nl and . 



PROOF. There are two matchings. First matching is N^q^ := M'^^ U Mf^ U 
U {tf }. Second matching is N^^^. := Mj^ U Mj^ u Mj^ u {tf , , t^, tf}. 

Any perfect matching of Tp^,, has to contain {t^,tj} or {^f, if , ^e"; }• This 
determines remaining triangles in a perfect matching. Hence, there are just 
two perfect matchings. □ 
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We denote the matching by and the matching Np \p, q, r by M° 



¥ 

Fig. 10. Matching triangle 
5.5 Triangular configuration Ctit2...t„ 

This part of reduction is analogous to the reduction for graphs described in 
Galluccio et al Let , t'^ be empty disjoint triangles. Let t^, . . . , t^, tg, • • • , 
be disjoint triangles. Then Ct-^t2...t„ is defined to be (AjL^tj) A (A"^^t-) A 

{A^iEta'^ A (A^^2^4,iLi) ^ (^"=i'^*:*:+i)- The configuration is depicted in 
Figure [HI 

'l '^2 '4 tn-2 'n-l tn 

WW- vVV\ 

t'l f„.3 t'.2 t'.i t' 

Fig. 11. Triangular configuration Ct^t2...tn 

Proposition 17 Le^ M^j denote perfect matching containing triangles ti,i G 
/. Then there exists exactly one perfect matching Mq of €1^12. ..tn if o-nd only 
if \I\ is even. 

PROOF. We construct matching by the following algorithm. 

In the first step. If ti G / then M := M^^,^ else M := M°j, . We say that first 
step is even if t[ is covered otherwise odd. (first step is even if and only if 

In the i-th step. 

• If t[ is covered by M and ^ / then M := M U M^,^^^^. 

• If t- is covered by M and ti+i G/ then M:=MUM5, ' UM*],, UM} . 

i ^ + 1 i z + 1 * + ^ i + l 

• If ti is not covered by M and ti+i ^ I then M := M U M,9, U M^,,, . 

• If t ■ is not covered by M and t^+i G / then M := M U Ml. . 
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The i-th step is even if U is covered. From definition of i-th step follows that 
parity of step changes if i^+i G /. 

Hence, the algorithm succed in construction of perfect matching if and only if 
1/1 is even. □ 



5. 6 Reduction 

Let A be a triangular configuration. We construct triangular configuration 
A' such that every even subconfiguration of A uniqually coresponds to one 
perfect matching of A' and a natural weight-preserving bijection between the 
set of the even subconfiguration of A and the set of the perfect matchings of 
A'. 

We put into A' empty disjoint triangles for every tuple (t, e) where e e -E(A) 
and teT{A). 

We add to A' matching triangle Tt^t^tc for every triangle t G T{A), where 
a,b,c are edges of t. We assign weight w{t) :— 1 to one triangle in matching 
Ml and weight otherwise. 

We add to A' triangular configuration C^i . ^n for every edge e G E{A) where 
tg, . . . ,t" are triangles incident with e in A. We assign weight Wt :— to all 
triangles of C^i . ^n. 

Theorem 18 Let A be a triangular configuration and A' be matching reduc- 
tion of A. Let C be an even subconfiguration of A. Then there exists exactly 
one perfect matching Mc in A'. In A' are not any others perfect matchings. 



PROOF. Let C be an even subconfiguration of A. We construct perfect 
matchings Mc in A'. 

We denote matchings M^^^^^^ and M^^^^^^ oiTt^tbtc by M^ and M°, respectively. 

We denote the set {i\e e T{ti),ti e C} by /g. 

Mc := {Ml\t e C} U {M^\t ^C,te T(A)} U {M^^\e G ^(A)}. 

Matching Mc is perfect. 

We show that there is no other matching. Every matching triangle Tj has to 
be covered by M^ or M°. Thus Cg has to be covered by for some even I. 
So every perfect matching in A' defines even subset in A. □ 



15 



Proposition 19 Let A be a triangular configuration. Let A' be its matching 
representation. Let C be an even subconfiguration and Mc be coresponding 
perfect matching then \C\ = w{Mc). 



PROOF. 

w{Mc) = Y.^iMl)+ Yl ^(^°)+ E w(Mi'l^^^(*')'*^^^>) 

tec t^C,teT(A) eGB(A) 

tec t<^C,teT{A) eeE{A) 

= \c\ 



The following theorem is a consequence. 

Theorem 20 Let A be a triangular configuration. Let A' be its matching 
representation. Then Wa{x) = Pa'{x). 
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